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MULTICQYIWNENT FIXEDBED ION EXCHANGE: 
VERIFICATION OF EQUILIBRIUM COHERENCE THEORY 

Carol B. Bailey 
Nevi l le  G. P i n t o  
Department of Chemical and Nuclear Engineering 
Mail Location 171 
Univers i ty  of Cinc inna t i  
Cinc inna t i ,  OH 45221-0171 

ABSTRACT 

The coherence method, a technique f o r  
modeling mlticomponent fixed-bed 
adsorption with t i m e  dependent feed 
condi t ions ,  has been appl ied  to  a 
fixed-bed ion-exchange system under a 
va r i e ty  of apera t ing  conditions.  
Themet i ca l ly ,  t he  method. can handle 
multicomponent systems with i n i t i a l  
and feed condi t ions  of any degree of 
complexity. This paper w i l l  p resent  
t h e  results oE an experimental study 
t o  v e r i f y  
coherence method. A ternary ion- 
exchange system of K+, Na+,  L i+  on a 
f ixed  bed of AG5OWX8 r e s i n  has been 
studied. Breakthrough curves have 
been obtained f o r  single abrupt ,  
mul t ip le  abrupt,  and l i n e a r  i n f luen t  
composition changes. A non-equilibrium 
m o d e l  has also been developed and has 
been used to descr ibe  l imi t ing  b inary  
exchange cases. The experimental 
breakthrough curves have been compared 
wi th  t h e  p red ic t ions  of both mdels. 

the p r a c t i c a l  u t i l i t y  of the 
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1854 BAILEY AND PINTO 

INTROLXJCTION 

A great deal of effort has been devoted to the study of 
adsorption and ion-exchange in fixed-bed systems. 
approach has been to apply the equilibrium theory to locate 
constant composition zones (plateaus) and varying composition 
zones (transitions). Non-equilibrium effects are incorporated by 
formulating empirical rules to cover observed results. 
approach is restricted to single component non-stoichimetric and 
binary stoichiometric systems (1). Furthemre, this method is 
practical only for constant feed conditions. 
systems or variable Eeed conditions, breakthrough curve 
predictions become mch more complex due to interferences between 
transition zones. 

The standard 

This 

For rmltimtponent 

A useful theory €or predicting the behavior of nulticanponent 
ion-exchange system with signiEicant interactions is the 
coherence theory developed by Helfferich and Klein ( 2 ) .  This 
equilibrium theory is applicable to multicomponent systems of 
virtually any degree of corrplexity. The theory has been applied 
to a variety of processes (3-9) .  In each case, good engineering 
approximations of breakthrough curves were obtained. 
confirmed in all these studies that the mss-transfer limitation 
of the theory has only a secondary ef€ect in that the experimental 
breakthrough curves are less abrupt than predicted. 

It has been 

The coherence theory has not yet been verified for 
multicomponent systems having variable influent conditions. 
important practical example of variable influent conditions is 
gradient elution used in the separation of fission product rare 
earths ( 1 0 ) .  This chrmtagraphic technique suppresses the 
excessive tailing of peaks produced when separating a relatively 
large number of similiar substances, permitting mre efficient 
column utilization. 

One 

A physical non-equilibrium model for evaluating the kinetic 
behavior of multicomponent ion-exchange systems has also been 
presented. 
non-equilibrium thermodynamics and incorporates concentration 
dependent mass transEer coefficients for a prediction of 
mult icomponent ion-exchange behavior. 

effectiveness of both the coherence method and the non-equilibrium 
model. ?he non-equilibriun model was used to study binary 
separations of systems with favorable and non-favorable 
equilibrium conditions. 
ternary exchange with single and multiple abrupt influent changes 
and also linear influent changes. 

This model utilizes the Stefan-Maxwell relations of 

The purpose of this investigation is to evaluate the 

The coherence d e l  was applied to 
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MULTICOMPONENT FIXED-BED ION EXCHANGE 1855 

MULTIccrJIpONENT INTERFERENCE THEORY 

The concentration profile or concentration history of a 
fixed-bed ion-exchange column can be predicted using the 
concentration velocities of all the mbile species in the 
column. 
written as (11): 

For a given species i, the concentration velocity can be 

U vc = (-Ic = - 
i at i aci 

a c l  
) Z  

1 + (- 

i=l,.....,n 

1 

Adjusted concentration velocities, u and u , can be written 
in term of normalized concentrations'i Yi 

'i 

- 'i 
Yi -7 

x = -  
i c  - 

C 

and adjusted time 

uo Z T = - (t - -  ) 
uO 

- 
C 

in the follawing mnner: 

The adjusted velocities 
velocities by 

uO 
v =  - 

C 
cu 1 +- 

are related to the true xi 

A key concept of the rmlticorrponent coherence theory is that 
of "coherence". 
any given point and t h  in the column the concentration 
velocities of all species are equal; 

Coherence is characterized by the fact that at 
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1856 BAILEY AND PINTO 

u = u  = u  for all i and j (8 )  
j xi x 

This condition requires that the compositions within a coherent 
boundary be preserved. 

As Helfferich has stated, "coherence is a state which any 
system strives to attain frm arbitrary starting conditions" 
(2). Thus, concentration variations occuring in a coherent 
boundary must follm invariant composition paths. 
with constant separation factors, these conposition paths are 
linear. 

For situations 

Using the condition of coherence, modes which dynamic systems 
strive to attain can be identified independent of operating 
conditions. 
representation of column behavior. 

This phenomenon leads to a fairly simple and concise 

For the case of constant separation factors, a mathematical 
transformation called the "h transformation" (2) can be used to 
orthogonalize the conposition path grids. 
transformation, one can obtain the effluent composition history 
without solving a set of coupled partial differential equations. 
In addition, because of the orthogonal nature of the h space, only 
a single h value can change across a boundary (or wave) whereas 
concentrations of all species may change across the boundary. 
This greatly simplifies the calculations of the concentration 
velocities and zone compositions. 
new conposition variable, h, can be calculated from either of the 
following equations: 

Using the h 

'!he non-trivial roots of the 

xi 
i c .-th-crli)= 0 

= o  Yi 
c-T i (E - ail) 

where the sums are taken over 

Once the roots have been 
x and y can be calculated i i 

n-1 n 

( 9 )  

(10) 

all exchanging species. 

established, the corresponding 
f rm: 
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MULTICOMPONENT FIXED-BED ION EXCHANGE 1857 

The composition or wave ve loc i ty  defined f o r  coherent boundaries 
i n  t e r n  of the  h roots is: 

n-1 n 
= \ II hi ll ail hk i i  

v (13)  

w k r e  hk is t h e  va r i ab le  root. 

The advantage of t h e  coherence concept becomes more apparent 
for systems having va r i ab le  i n i t i a l  or feed condi t ions .  I n  these  
situations, h n d a r i e s  t r ave l ing  a t  d i f f e r e n t  rates can i n t e r f e r e  
with one another producing a noncoherent wave. 
governing t h e  dynamic behavior of t h e  h roots remain va l id  f o r  
i n t e r f e rence .  The noncoherent wave w i l l  be resolved i n t o  coherent 
waves wi th  a cons tan t  composition zone between each wave. 

The basic r u l e s  

For the  s i t u a t i o n  of t i m e  dependent composition va r i a t ions  i n  
t h e  i n i t i a l  or feed condi t ions ,  t h e  noncoherence persists over a 
f i n i t e  distance-time region. In the  noncoherent boundary, t h e  
var ious  spec ie s  concent ra t ions  a t  any f ixed  loca t ion  and t ime 
advance a t  d i f f e r e n t  rates, so t h a t  given compositions e x i s t  on ly  
momentarily. ?bus, the  ind iv idua l  behavior of a l l  species mst be 
considered, which means a q u a n t i t a t i v e  desc r ip t ion  of composition 
h i s t o r i e s  r equ i r e s  numerical techniques. 
simultaneous d i f f e r e n t i a l  equat ions  i n  terms of h roots are: 

The p e r t i n e n t  

NON-EQUILLRRTUM MODEL 

I f  the ion-exchange process occurred instantaneously,  colurrm 
performance could be accura te ly  pred ic ted  f r u n  equi l ibr ium theory, 
and, f o r  favorable  equilibrium i n  the  absence of a x i a l  d i spers ion ,  
t he  breakthrough curve would be idea l ly  sharp. In  genera l ,  it is 
necessary to  cons ider  t h e  k i n e t i c s  of t h e  ion-exchange process fo r  
an accura te  p red ic t ion  of t he  breakthrough curve. 

equation appl ied  to a s i n g l e  r e s i n  p a r t i c l e  can be w r i t t e n  as: 
FOK p a r t i c l e  phase ,mss- t ransfer  con t ro l ,  t he  con t inu i ty  

This equation can be in tegra ted  over a closed volume using Gauss' 
divergence theorem : 
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1858 BAILEY AND PINTO 

where a is the cuter surface interfacial area of the sorbent 
particles per unit volume of contacting system. 

term is considered invariant with respect to composition; a 
premise that is not always justified. 
proposed a model for transport in rmlticomponent ion exchange 
which utilizes the Stefan-Maxwell relations: 

P 

Generally, the diffusion coefficient associated with the flux 

Pinto and Graham (12) have 

n y.J.-y J yfJi 
(-yivP; 1 = (-1 RT (- YsJi + * + -1 

c is j=l ij aif 

i=l,...,n (17) 

The terms ais , aij and aif are the ion-solvent, ion-ion 
and the ion-fixed-site Stefan-Maxwell interaction coefficients, 
respectively, and are dependent on resin composition and total 
concentration. The term T is the geometrical tortuosity factor 
and can be related to fractional pore volume using one of several 
theoretical models (13). It should be noted that in writing 
equation 17 it has been assumed that solvent flux is negligible. 

The Stefan-Maxwell equations can be written in matrix form 
and inverted to give diffusional fluxes in tens of 
electrochemical gradients; 

tJ1 = (18) 

The elements of the mtrix [A] are a function of the Stefan- 
Maxwell coefficients, the corrpsition, and the tortuosity 
€actor. The Stefan-Maxwell equations in this form can be 
introduced into the continuity equation (eq. 15). The 
electrochemical potential is given by: 

and the electrical potential term, @ , in this equation (eq. 19) 
can be eliminated by using the no current condition 

n+l 

i=l 
C Z J  = O  i i  

In equation 20, the no current condition has been applied to n 
counterion species and the fixed site. 
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MULTICOMPONENT FIXED-BED I O N  EXCHANGE 1859 

The chemical potential tern can be expressed in tern of 
concentration by assuming activity coefficient gradients are 
absent: 

Kr VPi = - yi 9'i 
Glueckauf and mates' (14) linear driving force approximation 

can be used to obtain an approximate representation of the 
concentration gradient. For particle phase control, the 
concentration of the fluid phase is assumed uniform throughout and 
up to the particle surface where it is in equilibrium with the 
resin. Within the particle, the concentration decreases linearly 
through an imaginary film to the average concentration in the 
particle. Thus, 

where 6 is the film thickness. 

?he following relationship is obtained for the continuity 
equation when equations 16-22 are substituted into equation 15: 

where I3 
18. 

and Donnan uptake and assuming one dimensional plug flow, the 
differential column mterial balance can be written as: 

are the elements of the inverse matrix in equation ij 
For the ion-exchange process neglecting longitudinal effects 

A dimensionless throughput parameter 
of the volume of the fluid that has passed to the voluroe of the 
contained adsorbent, can be defined as: 

0 , which measures the ratio 

0 = c (V-EU) 
C U  

which simplifies equation 24 to 
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1860 BAILEY AND PINTO 

The hyperbolic nature of this system allaws numerical 
integration of the partial differential equations separately along 
two families of characteristic curves: that of constant u and 
that of constant 9u . Thus, equation 26 can be separated into 
two equations. 

where R. can be determined using the appropriate rate equation 
(eq. 23): 

A simultaneous solution of the rate expression and the column 
material balance will generate a description of the ion-exchange 
behavior, provided the bundary and the initial conditions are 
known. 

EXPERMENTAL METHODS 

Experimental studies were performed using a small scale ion- 
exchange column to determine both column breakthrough behavior and 
equilibrium characteristics of the resin. The ternary exchange of 
potassium, lithium, and sodium on AG 50W-X8 ion-exchange resin was 
investigated using 1.0 M total concentration to ensure particle 
diffusion control. Chloride was the co-ion in each case. AG 5015- 
X 8  is a strongly acidic cation exchange resin of a sulfonated 
polystyrene with 8% divinylbenzene crosslinking. 
resin in the H-form has 65-115 wet msh size and an average 
diarneter of approximately 0.18 m. 
this resin is K>Na>Li. 

The comrcial 

The selectivity sequence for 

Equilibrium properties of the resin such as water content, 
size, and resin density were determined at various solution 
compositions and 1.0 M total concentration. 
equilibrated in a shallcw bed containing approximately 5 g of 
resin. 
dropwise flm rate to guarantee complete conversion. 
equilibrated, the resin was washed with deionized water. Resin 
density measurements were performed in a 10 ml specific gravity 
bottle. ?he mean diameter was determined from a statistical 
sampling of the equilibrated resin using a moving-vernier-scale 
microscope. 
described Scatchard and Anderson (15) .  

Tne resin was 

A sufficient volume of equilibrating solution was fed at a 
Once 

Internal water content was estimated using the mthod 

Figure 1 is a schematic depicting the apparatus used for the 
kinetic measurements. 
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MULTICOMPONENT FIXED-BED ION EXCHANGE 1861 

Figure 1. Experimental Apparatus f o r  Determining 
Effluent Concentration Histories 

The resin bed was contained in a glass tube of 25 mn i.d. 
total bed height was approximately 40 cm. A constant temperature 
bath provided a feed solution at 25 0.2OC . The solution was 
fed to the column at a constant total flm rate using peristaltic 
constant velocity pumps. 
conditions of single and multiple abrupt influent composition 
changes and also linear influent campasition changes. 
abrupt influent changes were obtained by switching feed 
compositions using a manifold of solenoid valves. The linear 
influent change was accomplished using computer aided feed back 
control of the flms. 
to the column, one with linearly increasing flow the other 
linearly decreasing, maintaining a constant total flm to the 
column. 

The 

Tne kinetic studies were performed under 

Multiple 

nYo conpositions were pumped simultaneously 

Equal effluent volumes were collected by an autmtic 
fraction collector. 
an inductively coupled plasma-atomic emission spectrometer (ICP- 
AES) .  
established & monitoring the effluent of the column with time. 

Cationic concentrations were determined using 

The effluent concentration history of each species was 
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1862 BAILEY AND PINTO 

Table 1. Experimental Operating Conditions 
for Fixed-Bed Column 
Flaw Rate Bed Capacity Type of 

Run No. (ml/min) (meq) Injection 

1 11.0 582.6 Single abrupt 

2 9 .o 537.4 Double abrupt 

3 26.5 560.8 Linear 

4 9 .o 560.8 Linear 

5 10.0 542.3 Single abrupt 

6 11.4 542.3 Single abrupt 

Solution Concentration = 1.0 M 

RESULTS AND DISCUSSICAT 

Representative experimental effluent concentration histories 
for the ternary exchange system with various influent copsition 
changes are displayed in Figures 2 and 4-8. 
are also reported in these figures. 
operating conditions and inlet conditions for each of the runs. 
In each situation, a constant initial column composition was 
used. 

Predicted concentration histories were calculated fran the 
coherence technique and are also portrayed in Figures 2 and 4-8. 
Normalized concentration velocities were determined from h roots 
and separation factors using equation 13. 
constant separation factors was made, and is generally valid for 
ion-exchange system. Separation factors were estimated as best- 
fit parameters from the observed effluent concentration histories 
of limiting binary exchange system, and were then used in the 
prediction of other effluent concentration histories. 
fit values were 1.25 and 2.0 for the K-Na system and the K-Li 
system, respectively. 
for each column run using correlations established from the 
equilibrium experiments. 
best-fit parameter using several column runs with abrupt influent 
changes. 

As Figure 2 indicates, the coherence technique accurately 
predicts the location and compositions of zones of varying and 
constant amposition for single, abrupt influent changes. For 

Injection sequences 
Table 1 lists column 

?he assumption of 

The best- 

Average resin capacities were determined 

Column void fraction was determined as a 
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MULTICOMPONENT FIXED-BED ION EXCHANGE 1863 

Figure 2. Effluent Concentration History 
for Run 1 

example, t he  the existence of the d i f fuse  wave f o l l w e d  by t he  
plateau and f i n a l l y  the  sharp breakthrough is accurately r e f l ec t ed  
by the theory. 

The ru l e s  derived from the  coherence method can also be 
applied to multiple,  abrupt inf luent  changes. 
i n j ec t ion  generating a d i f fuse  boundary f o l l w e d  by a second 
in j ec t ion  generating a self-sharpening boundary. 
interferences r e su l t i ng  from rml t ip l e  inputs is mre e a s i l y  
understood using a dis tance- t im diagram. 

self-sharpening and nonsharpening boundaries generated a t  the 
i n l e t  have the  same variable  root and will m r g e  to form a Na 
pulse. The intermediate L i  zone disappears. From Figure 4 it is 
clear t h a t  t h e  coherence theory p red ic t s  a l l  t he  main features  of 

h n  2 involves an 

The outcome of 

Figure 3 is the distance-time p l o t  associated with h n  2. The 
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1864 BAILEY AND PINTO 

Figure 3. Distance-Time Diagram for Run 2 

the double injection effluent concentration history. 
necessity for the development of non-equilibrium rnodels is also 
evident; diffusive resistances and dispersion efEects 
significantly alter the eEf luent concentration histories. 
example, in Figure 4 no pure Na pulse i s  obtained. 

The linear influent composition change produces noncoherent 
boundaries which require finite distance and time for resolution 
into coherent boundaries. A quantitative description of the 
behavior of the noncoherent boundaries is obtained through a 
Einite difference numerical solution of the coupled partial 
differential equations (eq. 14). 

However, the 

For 

Self-sharpening boundaries were generated by a gradual 
influent conposition change in Runs 3 and 4. 
with a linear conposition change over a period of 25 minutes, 

Run 3 was performed 
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0 0  

0 

0 - 
1 

Figure 4 .  Effluent Concentration History for 
Run 2 

whereas i n  Run 4 t h e  same change was e f f ec t ed  over  a period of 10 
minutes. In  both these  runs, column lengths  were such t h a t  
s u f f i c i e n t  t i m e  w a s  no t  allawed f o r  r e so lu t ion  to the  f i n a l  
pa t t e rn ;  therefore ,  t h e  noncoherent region is observed i n  t h e  
f i n a l  breakthrough. 
associated with these  runs. 
the e f f l u e n t  concent ra t ion  h i s t o r i e s .  Both curves ind ica t e  a 
tendency toward t h e  f i n a l  reso lu t ion  p a t t e r n  which conta ins  a N a  
peak. 
a t ta inment  of t h e  f i n a l  pa t te rn .  

appl ied  to b inary  exchange systems. 

Figures 5 and 6 are t h e  breakthrough curves 
The coherence theory c lose ly  p r e d i c t s  

Fun 4 having t h e  s h o r t e r  tine dependent period is closer to 

The non-equilibrium model for fixed-bed ion exchange was 
The mathematical p red ic t ion  
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1866 BAILEY AND PINTO 

Figure 5. Effluent Concentration History for 
Run 3 

of effluent concentration histories was obtained using the method 
of characteristics which involves simultaneous solution of the 
column mterial balance (eq. 2 6 )  and the rate equation (eq. 23) 
along a characteristic path grid. 

calculation of the interaction coefficients, the tortuosity 
factor, and particle film thickness. 

equation 23, have been related to fundamental physical properties 

The application of this model to ion exchange requires the 

The interaction coefficients in equation 17, and consequently 
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1867 MULTICOMPONENT FIXED-BED ION EXCHANGE 

Figure 6. Effluent Concentration History 
f o r  Run 4 

of the resin (16): 
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/ 
--I./ , L "J I " 
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Dimensionless Throughput 

Figure 7 .  Effluent Concentration H i s t Q r y  for 
Run 5 

The 
tracer diffusion data (16). The reported values are: 

gij were obtained previously through the correlation of 

=2.46, gNaf=0.063, and gLif=0.041 . gNaLi 

The Stefan-Maxwell equations also include a tortuosity term 
Mhich accounts for the physical obstruction by the matrix. 
and Spharn (16) have shown that the Millington(l3) model, 
T=E 

exchange, when used in conjunction with the Stefan-flaxwell model. 

concentration, the follcwing semi-empirical expression provides a 

Pinto 

, appears to best describe the tortuosity term for ion P 

For situations in which the diffusivity is independent of 
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Figure 8. Effluent Concentration History for 
Run 6 

good approximation €or film thickness: 6=dp/lO (14). However, 
since the Stefan-Maxwell equations involve concentration dependent 
diffusivities, it is unlikely that this expression will 
appropriately estimate Eilm thickness. 

The non-equilibrium model was applied to binary exchange 
systems with favorable and non-favorable equilibrium. 
Exp@m$ntal an$ prqdicted breakthroughs are shwn for 

The solid lines represent breakthroughs predicted using the 
equilibrium coherence technique. 
predictions based on the non-equilibrim model. 
thicknesses were used for the predictions. 
correlation of Glueckauf and Coates estimated too large a film 
thickness. A single breakthrough curve (Fig. 7) was used to 
obtain a best-fit film thickness. The best-fit value was found to 

Na /Li and Li /Na exchange in Figures 7 and 8, respectively. 

The broken lines represent 
Tm film 

It was found that the 
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1870 BAILEY AND PINTO 

be dp/60. 
histories for Li h a  exchange and K /Li exchange. In both 
cases, the histories were accurately preqictgd. The predicted 
effluent concentration histories for Li h a  exchange is sham in 
Figure 8. 

%is vqlue+was used to pred/ct $ffluent concentration 

In conclusion, experimental studies indicate the coherence 
technique provides a good description of fixed-bed ion-exchange 
behavior. The coherence theory correctly identifies the location 
of transition and plateau zones for simple single abrupt influent 
changes, as well as for more complex rmltiple abrupt changes 
generating interferences within the column and for linear influent 
changes which generate a noncoherent zone. 
predicted plateau compositions were accurate to yell within the 
experimental error in the masuring technique (- 4%). Tne 
kinetic limitations of the theory are reflected in that actual 
boundaries are more diffuse than predicted boundaries and actual 
peak compositions are smaller than predicted. 
studies of binary exchange system indicate that the non- 
equilibrium model provides an accurate description of column 
behavior provided an appropriate expression for particle film 
thickness is used. Further work is necessary in order to 
establish a correlation for the estimation of film thickness. 

Generally, the 

Experimental 

NOMENCLATURE 

Stefan-Maxwell coefficient 
effective interface area per unit volume contacting 
system 
concentration of species i in fluid per unit volume of 
bed 
concentration of species i in resin per unit volume of 

ai j 
a P 

ci 

- 
i C 

bed 
C total concentration 

unit volume of bed - 
C total concentration 

unit volume of bed 
C total concentration 

volume of resin 

of exchanging species in fluid per 

of exchanging species in resin per 

of exchanging species per unit 

dP diameter of ion-exchange particle 
F volumetric flm rate 
f Faraday's gas constant 
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gi j 
h 

hi 
Ji 
k 
n 
R 

Ri 
t 
T 
U 

U 

U 

U 

V 

V 

'i 
Yi 
0 

'i 
"hi 
V 

i 
Yi - 
Yi 

Yij 

X 

- 

z 

'i 

binary constant 
h root 
ith h root 
diffusional flux of species i 
Boltzmann constant 
unit vector normal to resin surface 
gas constant 
generalized rate function 
time 
absolute temperature 
adjusted concentration velocity 
adjusted liquid concentration velocity of species i 
adjusted resin concentration velocity of species i 
linear approach velocity 
concentration velocity 
concentration velocity of species i 
h root velocity 
solution volume in time t 
fraction of species i in the mobile phase 
fraction of species i in the resin phase 
fraction of species i in the resin phase ( a l l  species 
including solvent and fixed site) 
effective mole fraction of species i and j in resin 
phase (all species including solvent and fixed site) 
distance from column inlet 
valency of ionic species 

Greek Symbols 

separation factors of species i and j ij a 

6 film thickness 

E column void fraction 
E fractional pore volume of ion exchanger 
rl viscosity of solution 
e volumetric throughput parameter 

P 
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BAILEY AND PINTO 

chemical potential 
electrochemical potential 

bed volume 
adjusted time 
tortuousity factor 
electrical potential 
ionic mbility of species i 

Superscripts 

0 refers to infinite dilution 
* refers to equi 1 ibr im conditions 

Subscripts 

f refers to fixed ionic site in resin 
i refers to species i 
I evaluated at the interface 
j refers to species j 
S refers to free solvent 
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